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In this note we generalize a theorem of Erdos and Szekeres, which states 
that every sequence of real numbers of length n2 + 1 has a monotone sub- 
sequence of length n + 1, for points in certain metric spaces (R”, d), where d is 
a Minkowski metric. Three theorems are proved concerning preassigned numbers 
of points which must lie on the same geodesic of the space, the last of which 
characterizes the class of Minkowski spaces under discussion. 
In this note we generalize a theorem of Erdiis and Szekeres [l] which 
states that every sequence of real numbers of length n2 + 1 has a monotone 
subsequence of length n + 1. 
A sequence of points in R”(n > 2) will be called coordinate-monotone 
if the corresponding n sequences of the coordinates of its points are each 
monotone. 
THEOREM 1. If a finite sequence of points S in R”(n > 2) whose first 
coordinates form a monotone sequence of real numbers has length greater 
than or equal to r2”-l + 1, then S has a coordinate-monotone subsequence 
of length r + l(r > 2). Moreover, r2”-’ + 1 cannot be replaced by r2”-l. 
Proof. We already have the theorem for R2, since the sequence 
r, r - 1, r - 2 ,..., 1, 2r, 2r - l,..., r + I,..., r2 - r + 1 
clearly has no monotone subsequence of length r + 1. 
Assume, inductively, that the theorem is true for Rk-l(k > a), and let S 
denote a sequence of points in Rk with first coordinates monotone and 
length at least r2’-’ + 1 = (r2’-’ )(r2”-“) + 1. Then there is a subsequence T 
of S of length r2”-” + 1 having its second coordinates arranged mono- 
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tonically. Ey induction, T has the required coordinate-monotone sub- 
sequence of length r + 1, since we may ignore the first coordinates of T. 
We will now construct a counterexample using the first r2’-’ positive 
integers. Partition these integers into rzk-’ successive sets & each containing 
r2’-’ integers. From each of these sets we will form 9-* successive coordi- 
nate entries in each sequence of coordinates, as follows: We may assume 
that there exists a sequence S of points in RLM1 of length rZk-’ and having no 
coordinate-monotone subsequence of length r + 1. We may also assume 
that the only coordinate entries of S are the integers 1, 2,..., r2”-‘. Roughly 
speaking, we will replace the coordinate entry j in S by the set of entries 
of the set S, in a certain order. More specifically, the first coordinate 
sequence is assumed to be strictly increasing; we write the sets Si and the 
elements within each Si in their natural increasing order. For the second 
coordinate sequence, the sets Sj are arranged in increasing order, but the 
entries within each Sj are arranged in decreasing order. For the k-th 
(k 3 3) coordinate sequence, both the Sj and the elements within each 
Sj are to be arranged in the same order as the (k - 1-st coordinate sequence 
in the sequence of points S. 
That the resulting sequence of r2L-’ points in Rk has no coordinate- 
monotone subsequence of length r + 1 follows from two observations: 
First, a maximal descending subsequence of second coordinates can be 
chosen only so that all its members are from exactly one S, , or so that 
each of its members is from a different Sj . In either case, the construction 
assures us that, having chosen this sequence of coordinate indices, the 
corresponding entries in the next k - 2 coordinate sequences are essentially 
those of the last k - 2 coordinate sequences of S. Q.E.D. 
We can reformulate the above result in the following way: Define the 
metric space (R”, m) by letting 
i=n 
m(X y>= 1 I%-yyil. 
i=l 
We will call a finite subset S = (PI ,..., PT) of points of Rn m-cogeodesic 
if 
k=r 
m(Pi, , P+) = C mtPtk , PikJ 
k=a 
(1) 
for some permutation of the points of S. 
COROLLARY 1. If a subset S of R” has at least r2”-l + 1 points, then S 
contains a subset of r + 1 m-cogeodesic points of (R”, m). Moreover, 
r2”-’ + 1 cannot be replaced by r2”-‘. 
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This corollary is merely a restatement of the preceding theorem. It is 
also obviously true for any metric which is affinely equivalent to the 
metric m. One might wonder if such a state of affairs holds true for other 
classes of metrics. The answer is “yes” for the following class: Let (R”, d) 
denote a Minkowski space whose unit sphere U, is an n-dimensional 
polyhedron. Defining the term d-cogeodesic as in (l), we can state the 
following: 
THEOREM 2. Given a positive integer r > 2, there exists a smallest 
positive integer Nd(r) such that, if a subset S of R” contains at least NJr) 
points, then S contains a d-cogeodesic subset of r + I points. 
We will content ourselves with a sketch of the proof. First, it can be 
shown that r points will be d-cogeodesic in (R”, d) if and only if the 
following holds: there exists an n - 1 dimensional face of the unit sphere 
Ud intersecting all lines through the origin which are parallel to the lines 
connecting each pair of the points in question (see [2]). Thus, we may 
classify line segments according to the, say, f n - 1 dimensional faces 
of U, . The theorem then follows from a well-known theorem of graph 
theory: If the edges of a complete graph on v vertices, G, are colored with f 
distinct colors, then there exists a least positive integer N(k,f) such that 
u > N(k,f) implies that G contains a complete monochromatic subgraph 
on k + 1 of its vertices. Q.E.D. 
We observe that, since U, must be centrally symmetric, we need concern 
ourselves only with f/2 faces of U, . Also, the numbers N(k, f/2) provide 
upper bounds (which are generally too large) for the numbers N,(k), 
defined above. The latter, however, have not yet been determined; in 
general, though other bounds can be found using Corollary 1 and affine 
transformations. (For example, the reader can show that N,(d) < k2” + 1 
if U, is a hexagon.) 
It is of interest to note, as pointed out by the referee, that the converse 
of Theorem 2 is also true, leading to the following characterization: 
THEOREM 3. A linear metric space M with metric m has the property 
that for every positive integer n there exists a number N(n) so that every set 
of N(n) points of M contains an m-cogeodesic subset of n elements tf and 
only if M is finite dimensional and has a polyhedral unit sphere. 
Proof. That finite dimensionality is necessary is seen by considering 
a countably infinite orthonormal set of points in any infinite dimensional 
space. Such a set clearly has no three of its points metrically cogeodesic. 
Now, let M be an n-dimensional Minkowski space whose unit sphere S 
(which we may consider to be a subset of R”) is not a polyhedron. Hence, 
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S has infinitely many extreme points. Since S is compact, these have a 
cluster point P in S. Therefore, there is a sequence of extreme points {Pi> 
of S converging to P such that no three Pi belong to the same n - 1 face 
(if any) of S. (Otherwise, in some neighborhood of P the boundary of S 
is that of a convex polytope.) Take any sequence of*ints {Q} of M 
going to co%irly rapidly, such that the direction of QiQi+I is the same 
as that of OPi . Since no three of these Qi can be metrically cogeodesic 
in M, we are done. Q.E.D. 
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